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Abstract 

In this note, which is an addendum to the e-print math. AG/9810121, we 
prove that the variety VSP(F,10) of presentations of a general cubic form F in 
6 variables as a sum of 10 cubes is a smooth symplectic 4-fold, which is defor- 
mation equivalent to the Hilbert square of a K3 surface of genus 8 but different 
from the family of lines on a cubic 4-fold. This provides a new geometric con- 
struction of a compact complex symplectic fourfold, different from a Hilbert 
square of a K3 surface, a generalized Kummer 4-fold, the variety of lines on a 
cubic 4-fold and the recent examples of O'Grady (see Duke Math. J. 134, no. 
1 (2006), 99-137). 

Eyal Markman noticed that the proof of Theorem 3.17 in the paper [2] is incom- 
plete. The purpose of this note is to correct both the statement and the proof of that 
theorem. 

In the paper we show that Hilb2S for a general K3 surface S of genus 8, coincides 
with the variety of sums of powers VSP{F, 10) of a cubic fourfold F. On the other 
hand Beauville and Donagi showed that Hilb2S coincides with the variety of lines 
Hilbi{F') in a Pfaffian cubic fourfold F'. The natural polarization on VSP{F, 10) 
and on Hilbi{F') provides two polarizations L^^p and L^nes on Hilb2S. Now the pairs 
{Hilb2S, Lysp) and {Hilb2S, Lune) both deform smoothly with the cubic F (resp. F'), 
giving components in the moduli space of polarized hyperkahler manifolds. The gen- 
eral element of each component has Picard group generated by the given polarization. 
In the proof of Theorem 3.17 in [2] we overlooked the importance of the polarization 
when we concluded that the two components of the moduli space coincide. In fact we 
prove 

Theorem. The two polarizations L^sp and Lunes are linearly independent on Hilb2S. 
By Huybrechts ([1] 1.8) and Lemma 3.18 of [2] we get the 

Corollary. The moduli spaces of VSP{F, 10) and of Hilbi{F) for general cubic four- 
folds form two distinct components of the moduli space of polarized hyperkahler man- 
ifolds. They intersect each other transversally along a divisor representing manifolds 
Hilb2S, for a K3-surface S of genus 8. 
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Proof. To show that the polarizations are independent we show that the degrees of a 
particular rational curve with respect to these two polarizations are relatively prime. 
The polarization Lunes is primitive, so this suffices to conclude. 

The test curve Cp is a ruhng in the diagonal on Hilh2{S), i.e. the pencil of length two 
subschemes supported at a point p ^ S. This pencil is of course defined by the pencil 
of lines through p in the tangent plane to S at p. We show that this curve has degree 
5 with respect to L^nes and degree 3 with respect to L^sp- 

Recall the setting in [2]. We fix a vector space \/ = C^, and consider the Grassman- 
nians G(2, V) C P{A'^V) and G(4, V) in the natural dual space P{A'^V). The surface 
is a linear section S = P^n G(2, V). We denote the that span S by P^{S). The 
cubic fourfold F' is the linear section defined by P^(iS') = P^(S')-'" of the Pfaffian cubic 
in P{A'^V) (the secant variety of G(4, V)). Since G(4, V) C P(aV) is arithmetically 
Gorenstein and has codimension 6, the quotient of its homogeneous coordinate ring 
defined by P^(S') is an Artinian Gorenstein ring. The socle degree of this ring is 3. 
The dual socle generator is therefore a cubic form. This form defines the socalled 
apolar cubic fourfold F associated to S. 

There are three polarizations on HilhiS that show up in this setting. First, Hilb2S 
is parameterized by the secant (and tangent) lines to S (we may assume that 5* 
contains no lines), so there is a polarization Lgec defined by the Pliicker embedding of 
the variety of secant lines to S. Secondly, there is a polarization Lunes defined by the 
Pliicker embedding of the variety of lines in F'. The third polarization L^gp defines 
the vsp-map 

/ : Hilb2 S VSP{F, 10) C G(4, V), 

where F is the apolar cubic 4-fold to S. By [2] Lemmas 2.8 and 3.8, it is defined 
as follows: We first identify / e Hilb2 S with a secant or tangent line to S. If I is 
a secant line, then let {p,q} = IDS and let Lp and Lg be the corresponding lines 
in P(V^). Since S does not contain lines (in particular S does not contain the line 
< p,q > spanned by p and q), the span < LpULg >= P{Ui) for some 4-space Ui C V. 
The set Qi of all fines L C P{V) that intersect Lp and Lq is a smooth quadric surface 
Qi C G{2, Ui), and the space P(/) = Pf = Span Qi C P(A^ Ui) is just the image 
f{l) of I. If / is a tangent line, the same argument goes through for a quadric surface 
cone Qi with vertex at p spanning a 3-space P(/). In both cases, note that P(/) is the 
polar in P(A^ Ui) of / with respect to the quadric G(2, Ui). 

Lemma. Cp ■ L^gp — 3. 

Proof. In order to describe the restriction of the vsp-map / to the curve Cp C Hilb2 S, 
note first that the map P : Hilb2 S — > G(4, y), (5 : I ^ Ui defined above, is the 
restriction on Hilb2 S C P(A^ V) of the Cremona transformation /3 : P(A^ V) — >■ 
P(A^ V) defined by the quadratic Pfaffians defining G{2,V), see [2]. The restriction 
Pp of P to the tangent plane P^ to 5* at p is defined by the system of all conies in 
Pp singular at p. Therefore Pp blows up p and maps the exceptional divisor Ep over 
p to a conic qp C G(4, V). In the embedding Hilb2 S C P(A^(A^ V)) defined above, 
Cp is identified with the pencil of lines through p in the tangent plane P^, i.e. with 



3 



the exceptional curve Ep. Therefore the Cremona transformation P sends the hne 
Cp C (Pp)* to the conic Qp C G(4, V) as above. 

The pencil of P(A^ ?7;)'s in P(A^ V) corresponding to / e Cp form a rational scroll 
W of degree 6 parameterized by the elements j3{l) G Qp of the conic qp C G{4,V) 
(the rational scroll of P(A^ Ui)^s corresponding to a line in G{A,V) has degree 3). 
The scroll W has the point p as its vertex, so W contains the tangent plane P^ to 
S at p, and for any / the ruhng P(A^ Ui) C W intersects P^ at the line /. Finally, 
for each / e Cp the space P(Z) — Pf — f{l) coincides with the polar 3-space to the 
line I C P(A^ ^7^) with respect to the quadric G{2, Ui), i.e. the isomorphic image 
/(Cp) C VSP{F{S), 10) C G(4, A^ V) is the polar scroll to the plane P^ with respect 
to the quadric bundle W fl G{2,V). We use the following lemma to show that the 
degree of this polar scroll is 3. 

Lemma Let X = Ppi be a P"-bundle with H the divisor associated to Ox(l) and 
F the class of a fiber. Let Q G X he a. quadric bundle such that Q = 2H + aF, and 
let s : P^ — > X be a section of the projective bundle such that s*(Ox(l)) has degree 
d. Let C X be the variety in X of polar P^^^-spaces to s{t) with respect to Qt 
where t e P^. Then 

Y, = H+{a + d)F. 

Proof. This is straightforward computation. Let < > be a basis for the sections of 
Cx(l), and let uq, ui generate H^(P^, Cpi(l)). Then the equation for Q is quadratic 
in the Xi and of degree a in the Wj. The point s{t) has coordinates of degree d in the 
Ui. By differentiation the polar Yg has a linear equation in the Xi of degree d + a in 
the Ui. Q.E.D. 



In our situation we first note that the quadric bundle Q C W C G has degree 10. 
In fact the quadric bundle of quadrics G(2, UiYs in the cubic scroll of the P(A^ UiYs 
corresponding to a line in G(4, V) is isomorphic to a tangent hyperplane section of 
a G(2,5), and therefore has degree 5. Since Q is the corresponding quadric bundle 
in the sextic scroll W corresponding to a conic in G(4, V), it has degree 10. If H is 
the puUback (to a desingularization of W) of the Pliicker divisor on G{2,V), and if 
F is a member of the ruling, then Q = 2H — 2F (on the desingularization of W). Let 
So : P^ ^ be the constant map to the vertex p. Then, by the lemma. 



Let Qo = Q n C = Xq and let Si : P^ ^ be the section corresponding to a 
line in the tangent plane that does not pass through the tangency point p. Applying 
the lemma once more we get: 

Y,,=H-F 

on Xq. Thus Yg^ has degree 

H"^ ■ {H - F) ■ {H - 2F) = 3. 



Q.E.D. 
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Lemma. Cp ■ Lu^es = 5. 

Proof. Let Vp be the 2-space corresponding to p E G{2,V). Each tangent hne / to 
G(2, V) at p is tangent to a unique quadric G(2, Ui) for a 4-space Ui that contains 
Vp. The hyperplanes that contain G(2, Ui) form a P^(C//) in the dual space P(A^y), 
and this P^{Ui) is the tangent space to G(4, V) at the point corresponding to [//. The 
tangent space P^{Ui) is contained in the Pfaffian cubic of secant hnes to G(4, V), and 
it intersects P^{S) in a hne since P^{S)^ = P^{S) intersects P{A^Ui) = P^iUi)^ 
in a hne. We want to compute the degree of the curve of such hnes /' in P{A'^V) 
corresponding to the pencil of tangent lines to S at p. 

Above we computed the degree oi W C P(A^1/), the pencil of P(A^/7i)'s that 
intersect P^(S') in a tangent line to S. The corresponding pencil of P^([/;)'s orthogonal 
to the P(A2f/,)'s is a rational 9- fold scroll W' of degree 6 in P{A'^V). Since W is a 
cone, the scroll W is contained in a hyperplane. Furthermore P^(iS') is contained in 
this hyperplane. In fact, since W fl P^(5') is precisely a plane (the tangent plane to 
S) through the vertex p that intersect each ruling of in a line, the intersection of 
each P^{Ui) with P^(>S') is a line. The degree of W fl P^(S') coincides with the degree 
of the projection of W from the tangent plane. But this degree is 5, so the lemma 
follows. Q.E.D. 
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